We perform updated and detailed calculations of the complete NLO set of electroweak radiative corrections to parity violating e − e − → e − e − (γ) scattering asymmetries at energies relevant for the ultra-precise Møller experiment coming soon at JLab. Our numerical results are presented for a range of experimental cuts and relative importance of various contributions is analyzed. We also provide very compact expressions analytically free from non-physical parameters and show them to be valid for fast yet accurate estimations.
I. INTRODUCTION
There are several reasons why polarized Møller scattering has attracted so much interest from both experimental and theoretical communities. The scattering of two identical polarized fermions has been used in many laboratories for the high-precision determination of the electron-beam polarization, including SLC in [1] , E-143 [2] and E-154 [3] experiments at SLAC, and several experiments at JLab [4] and MIT-Bates [5] . A Møller polarimeter may also be of use in future experiments planned at ILC [6] . An experiment E-158 at SLAC [7] , which studied Møller scattering of 45-to 48-GeV polarized electrons on unpolarized electrons of a hydrogen target, allowed one of the important parameters in the Standard Model -sine of the Weinberg angle -to be determined with an unprecedented accuracy. The new-generation experiment at 11 GeV soon to be started at JLab will offer a new level of sensitivity and measure the parity-violating asymmetry in the scattering of longitudinally polarized electrons off unpolarized electrons to a precision of 0.73 ppb. That would allow a measurement of the weak charge of the electron to a fractional accuracy of 2.3% and a determination of the weak mixing angle with an uncertainty of ± 0.00026 (stat.) ± 0.00013 (syst.) [8] .
Since e − e − → e − e − (γ) scattering is a very clean process with well-known initial energy and extremely suppressed backgrounds, any inconsistency with the Standard Model will signal new physics. Møller scattering experiments can provide indirect access to physics at multi-TeV scales and play important complementary role to the LHC research program [9] .
Obviously, before we can extract reliable information from experimental data, it is necessary to take into account higher order effects. These are the processes which are more complicated than the process being studied, but which are indistinguishable from it experimentally. This procedure of the inclusion of radiative corrections is an indispensable part of any modern experiment, but will be of the most paramount importance for the ultra-precise measurement of the weak mixing angle via 11 GeV Møller scattering planned at JLab.
One of the earliest works on Electroweak Radiative Corrections (EWC) to the observables of Møller scattering was done by Czarnecki and Marciano [10] . According to their calculations for the asymmetry in the E-158 kinematical region, the EWC reduce the tree level prediction by 40±3%. A close value of the asymmetry was obtained in the study of Denner and Pozzorini [11] , where radiative corrections in polarized Møller scattering were examined at arbitrary, including high, energies. It is worth noticing that these two studies used different renormalization schemes: [10] employed the modified minimal-subtraction scheme and [11] used the on-shell renormalization. However, the authors of [10] and [11] did not take into account all radiative contributions consistently. For example, they completely disregarded the Hard Photon Bremsstrahlung (HPB) contribution assuming that it was small. The first computation of the HPB contributions with realistic experimental cuts was done by Petriello [12] who studied a total set of the lowest-order EWC under kinematical conditions of E-158 experiment. He clearly showed that experimental cuts play a significant role. Later works [13] , [14] and [15] dedicated to the EWC for the E-158 experiment which employed a covariant method for extracting of infrared divergences [16] showed a good agreement with [10] for the bulk of weak-interaction contributions and proved that the effect of HPB was below the experimental error of E-158.
Electromagnetic radiative corrections, which dominate weak interaction effects at the energies of E-158, and their effect on the measurement of beam polarization in a Møller polarimeter were assessed in [17] . A different calculation of these electromagnetic corrections was undertaken in [18] , where attention was primarily given to the effect of experimental cuts on the inelasticity and, accordingly, proving the need for taking into account hard-photon bremsstrahlung in experiments of this kind. A Monte Carlo generator that makes it possible to simulate radiative events in a Møller process at moderate energies with the aim of determining beam polarization was developed in [19] .
Finally, an attempt to calculate the hard bremsstrahlung contribution for Møller process at high energies was made in paper [20] . A feature specific to this calculation, as well as to the calculations in [11] and [12] , was the use of a parameter ω that separates regions of soft and hard photons. As a result, the Monte Carlo integration technique permitted the development of a code which made it possible to take into account radiative corrections in the case of arbitrary cuts imposed on the detection of electrons.
Although obviously significant theoretical effort has been already dedicated to this task, we can see at least three major reasons for addressing EWC to Møller scattering yet again. First, since the new experiment at Jlab will provide more precise information than, for example, E-158, the theoretical predictions for this ultraprecise measurement must be made with a full treatment of one-loop radiative corrections and at least leading two-loop corrections. In this work, we calculated the full set of the one-loop corrections both numerically with no simplifications using FeynArts and FormCalc [21] as the base languages and analytically in a compact form useful for fast estimations. This way, we can control an accuracy of asymptotic approximations at the one-loop level very well now, so we hope that the same idea will help us to control our accuracy as we calculate leading corrections at two-loop level in the nearest future. The next major goal of the presented paper is to get EWC in a form which is analytically free from nonphysical parameters. And, finally, we believe that the complexity of the problem demands the tuned comparison with different calculation schemes. This will be our next task.
The rest of the paper is organized as follows. The basic notations as well as the lowest-order (Born) contribution to Moller scattering are presented in Section II. The contribution from a full set of additional virtual particles (such as self-energies, vertices and boxes) is described in Section III. The real photon emission and its separation on hard and soft parts as well as cancellation of the infrared divergences together with the unphysical parameters can be found in Section IV. The numerical analysis is presented in Section V and Appendix B.
II. BORN CROSS SECTION: BASIC NOTATION AND CONVENTIONS
In the Standard Model, the Born cross section for the Møller scattering
can be represented in the form
with σ ≡ dσ/d cos θ where θ is the scattering angle of the detected electron with the 4-momentum k 2 in the center of mass system of the initial electrons and the 4-momenta of initial (k 1 and p 1 ) and final (k 2 and p 2 ) electrons (see Fig. 1 ) generate a standard set of Mandelstam variables,
while the electron polarization vectors ξ and η have the form [22] :
It should also be noted that the electron mass m is disregarded wherever possible, in particular if m 2 ≪ s, −t, −u. A useful structure in the present study is
which depends on the Z-boson mass m Z and on the photon mass m γ . The photon mass is set to zero everywhere with the exception of specially indicated cases where the photon mass is taken to be an infinitesimal parameter that regularizes an infrared divergence. Another set of useful functions is
which are combinations of coupling constants and p B(T ) , where p B(T ) are the degrees of polarizations of electrons with 4-momentum k 1 (p 1 ). Specifically, they are given by
where
It should be recalled that I 
The electron polarization degrees p B(T ) in the cross sections are labeled here as follows: the subscripts L and R on the cross sections correspond to p B(T ) = −1 and p B(T ) = +1, where the first subscript indicates the degree of polarization for the 4-momentum k 1 , while the second one indicates the degree of polarization for the 4-momentum p 1 . By combining the degrees of electron beam polarizations, we can obtain four measurable cross sections, but, by virtue of the rotational invariance, the two of them will be identical: σ LR = σ RL . From the three cross sections we can construct three independent asymmetries [23] (which are very close at large scattering angles), and the two of them (mainly A 1 ) are main subject of our investigation:
All of the asymmetries are proportional to the combination 1 − 4s 2 W (by virtue of the proportionality of the cross-section difference σ LL − σ RR ) and are therefore highly sensitive to small changes in s W . This is precisely the reason why the asymmetry A 1 , which, at moderately low energies, is given by was used as the observable in the E-158 and will be measured in the future experiment at JLab with 11 GeV electrons.
In addition to a fact that the asymmetry A 1 is a parity-violating observable, this asymmetry has yet another remarkable property based on its structure: it only involves combinations σ LL + σ LR and σ RL + σ RR , which can be interpreted as the cross sections for the scattering of electrons having the polarizations of p B = −1 and p B = +1 on unpolarized electrons. Frequently, A 1 is said to be a single-polarization asymmetry, in contrast to the asymmetry constructed as
which consists of the cross sections for the scattering of electrons having different polarizations. The latter asymmetry, which conserves parity, is the most important observable in determining the electron-beam polarization with the aid of a Møller polarimeter.
III. EWC: CONTRIBUTION OF ADDITIONAL VIRTUAL PARTICLES
A.
Boson Self-Energies
The contribution of virtual particles (V -contribution) to the observables of Moller scattering is described by three classes of diagrams (see Fig. 2 ): boson self-energies (BSE), vertex functions, and two-boson exchange (boxes). In the on-shell renormalization schemes which we use here there are no contributions from the electron self-energies.
The corresponding cross section is given by
where the first term corresponds to the contributions of the boson self-energies, the second term represents the vertex diagrams, and the third term stands for the diagrams of two-boson exchange. The contributions of the photon and Z-boson self-energies are shown symbolically in Fig. 2 (1). They do not involve infrared divergences and have the following form
where M S l are expressed in terms of the propagators and functions
are defined as
Here,
withΣ ij T (k) being the transverse part of the renormalized photon, Z-boson and γZ self-energies. The longitudinal parts of the boson self-energy make contributions that are proportional to the ratios m 2 /t and m 2 /u so they are very small and are not considered here.
B. Vertices
In order to calculate the electron vertex corrections (2nd and 3rd diagrams in Fig. 2 ), we use the form factors δF je V,A in manner of paper [24] . Replacing the coupling constants v j , a j with these form factors (for example,
) in the corresponding terms of the Born functions M ev,od , we obtain a vertex part of the cross sections in the form
and
For the virtual photon exchange (i = γ in Eq. (5)), vertices look like
and for the virtual Z-boson exchange (i = Z in Eq. (5)) we have the form
Functions Λ 1 , the contribution of triangle diagrams with additional photon, Λ 2 , the triangle diagrams with additional massive boson -Z or W , and Λ 3 , the triangle diagrams with 3-boson vertex -W W γ or W W Z. We denote the vertices with an adititonal photon as light vertices (LV) and the vertices with an adititonal massive boson as heavy vertices (HV). The LV terms are proportional to the function Λ 1 , and the HV terms are proportional to the combinations of functions Λ 2 and Λ 3 as it is evident from Eqs. (22)- (25) . The contributions of separate HV, γZ-, and ZZ-self energies are strongly depend on the details of renormalization scheme and for proper account of EWC they should be taken in numerical analysis as one gauge independent set. For that purpose we used the on-shell renormalization scheme from Ref. [25] . It is of crusial importance to raise a question of dependence of EWC on details of different renormalization schemes and this will be addressed in our following paper.
Next, we represent the vertex contribution as the sum of infrared (IR) divergent and finite parts using the identical transformation
where λ is the photon mass which regularizes the infrared divergence. Then the IR-part of vertex cross section will look like
e is the base of the natural logarithm, and
It is worth noticing that since the Born cross section can be presented as
it is easy to make sure that in the IR-part of vertex cross section the Born structure is factorized with t-and u-terms separated.
C. Boxes
In this section all formulae are written using the low energy approximation. Our numerical estimates show the accuracy better than 0.2% in the whole low energy region 0 < √ s < 50 GeV. The accuracy of the approximate approach improves with the decrease of energy. On the contrary, the calculation of boxes using FeynArts and FormCalc [21] in the region √ s < 1 GeV suffers from a problem of numerical instability due to Landau singularities. In any case, for the 11 GeV relevant for the JLab experiments, the consistency of calculations for boxes in both approaches is obvious and discrepancy has an order of ∼ 0.1%. Using the identical transformation, we divide the box cross section into two parts:
The IR-finite box cross section looks like:
The combinations of the coupling constants are given in (6) . Let us recall the coupling constants for heavy boxes:
At s, |t|, |u| ≪ m (ij) have a form:
with
Finally, the IR-parts of the box cross section are given by:
and, summing all of the IR-terms of V -contribution, we have
IV. BREMSSTRAHLUNG
In order to get the IR-finite result, we have to consider the diagrams with the photon emission (Fig.3) . The whole bremsstrahlung cross section looks like
where v cut is the boundary of the region in Chew-Low diagram [13] , and
is an integral over phase-space of an emitted photon with the 4-momentum k. The squared matrix elements corresponding to diagrams in Fig.3 can be presented as
where minus sign is caused by identity of final electrons and the superscripts t(u) denote the t(u)-channel diagrams.
Simplifying (44), we have
We used the radiative invariants which are zero at k → 0:
and the invariants for propagator structure as:
Also, we applied short abbreviation for combinations with ρ(p), density matrix of particle with 4-momentum p, defined as
We define
FIG. 3:
Bremsstrahlung diagrams for the Møller process in the t-channel. The four u-channel diagrams are obtained from those in Fig. 3 by means of the interchange k2 ↔ p2.
The bremsstrahlung cross section can be broken down into two parts (soft and hard) as
by separating the integration domain according to k 0 < ω or k 0 > ω, where k 0 is the photon energy (in the reference frame co-moving with the center of mass of primary electrons) and ω is a parameter corresponding to the maximum soft photon energy. The easiest way to implement such partition is to multiply the integrand in (42) by θ(ω − k 0 ) and neglect photon momentum k → 0 where possible, which would give us the soft photon cross section.
A. Soft Photons and IR-divergence Cancellation
First, we follow the methods of paper [26] to get a well-known result (see also [11, 12] ) for the soft photon cross section:
Next, we summ the IR-terms of V -and R-contributions (formulae (41) and (53)),
and get a result free from IR-divergence which logarithmically depends on ω and contains log 2 (s/m 2 )-terms. Adding the contribution corresponding to Λ 1 to σ C , we get an expression with the first power of collinear logarithms:
with non-physical dependencies cancelled analytically.
B. Hard Photons. Leading Logarithms Approach
Now we will calculate the hard bremsstrahlung cross section retaining in the result the leading collinear logarithms. This approach allows estimating the EWC very rapidly yet provide a rather accurate result. First let us consider exact collinear kinematics, with all relevant information given in Table 1 
where Ω is the maximal energy of emitted hard photon. Now, integrating over photon phase-space and taking into consideration the results from Table 1 to simplify, we get the hard-part of bremsstrahlung cross section as
The logarithms above look like with τ = v + m 2 . An operation E| x denotes the calculation of an E-expression in the x-peak. Using the standard designation of IR-divergence extracting operation (see a pioneer paper [27] )
we can present the hard part as
Obviously, the fist term in (62) is independent of ω (at sufficiently small ω it depends on Ω only), and the second term can be easily calculated as:
Finally, we obtain the desired result where the sum of all contributions to lowest order radiative corrections is independent of ω:
V. NUMERICAL ANALYSIS Fig. 4 shows the Born asymmetry A 0 1 versus θ at the energy of previous JLab experiment at E lab = 3.03 GeV (solid line) and the energy of planned one with E lab = 11 GeV (dashed line). Here, we used α = 1/137.035999, m W = 80.398 GeV, and m Z = 91.1876 GeV according to [28] . It is clear that at low energies the asymmetry A 
Q f is the electric charge of fermion f in proton's charge units q, (q = √ 4πα). We believe that the use of the light quarks masses as parameters regulated by the hadron vacuum polarization is a better choice in this case. Finally, for the mass of the Higg boson, we take m H = 115 GeV. Although this mass is still to be determined experimentally, the dependence of EWC from m H is rather weak.
Let us define the relative corrections to the Born cross section as For the convenience, we define "weak" for relative corrections as all BSE contributions (including γγ-SE which is not weak by nature, but we need it here to account for all IR-finite contribution to asymmetry), HV, ZZand W W -boxes. This way, weak = BSE+HV+ZZ+W W . We present all weak and total (total = weak+QED) relative corrections to the unpolarized cross section at E lab = 11 GeV and different angles θ with different cuts on soft ("S") and hard ("S+H") photon emission energy given by various γ 1 ( Table 1 of Appendix B. Empty cells correspond to forbidden kinematical region of this process. If E γ = ω, we take into consideration only soft photons and if E γ = Ω, both soft and hard photons are taken into account. In principle, for E γ = Ω, we should treat ω/ √ s as a small parameter but, as it was shown in Eq. (64), the total result does not depend on it in any case. The γγ-SE contribution is small but still dominates the relative weak correction to the unpolarized cross section. We can also see a rather small difference between contributions "S" and "S+H". Additionally, we can conclude that unpolarized cross section significantly drops with the decrease of γ 1 .
At this point, it is essential to compare the corrected parity-violating asymmetry, which is sensitive to input parameters and calculation scheme, with well-known existing results. In Fig. 5 we can see the relative weak (solid line) and QED including soft (dashed line) corrections to the Born asymmetry A Furthermore, the relative QED correction (see Fig. 8 in Ref. [11] and dashed line in Fig. 5 here) are also in a good qualitative and numerical agreement. In this case, we apply the same cut on the soft photon emission energy as in Ref. [11] (γ 1 = 0.05).
At low energy point corresponding to E-158 experiment and using our parameters set we find that δ weak A = ∼ -54%. If we translate our input parameters to the scheme by Marciano and Sirling according to [11] , we obtain a good agreement with the result of [10] .
All weak and QED relative corrections to asymmetry A 0 1 at θ = 90 o and E lab = 11 GeV are presented in Tables 2 and 3 in Appendix B. The γγ-SE gives ∼ −0.007 to the relative weak correction. The γZ-SE gives considerable contribution and the ZZ-SE gives a contribution which is non-zero but not as large as from γZ-SE. It is unphysical to separate the BSE and HV due to the fact that only their sum gives a gauge invariant set. We used the separation to tune up our code by comparing the values obtained with different renormalization schemes [24] and [25] . We show their contribution as a total weak correction in Table 2 . The W W -boxes give a rather significant input: δ WW A = 0.0238, but on the contrary the result coming from ZZ-boxes is rather small and equal to δ ZZ A = −0.0013. Finally, we can see from Table 3 that the total relative QED corrections are significant and strongly depend on the parameter γ 1 .
VI. CONCLUSION
Møller scattering is a very clean process that can provide indirect access to new physics at multi-TeV scales. The new ultra-precise measurement of the weak mixing angle via 11 GeV Møller scattering to start soon at JLab will require the higher order effects to be taken into account with the highest precision as well. In this work, we calculate the electroweak radiative corrections to asymmetry of polarized Møller scattering at energies relevant to the future experiments at JLab. The results are presented in both numerical and analytical form. As one can clearly see from our numerical data, at certain kinematic conditions EWC can reduce the asymmetry up to ∼ 70%, and they depend quite strongly on the experimental cuts. In the on-shell renormalization scheme we use, the largest contribution is coming from the weak corrections: self-energy graphs (especially γZ-SE), HV, and boxes. The QED part is obviously very important as well. We believe that one of the most important result of this work, however, is our compact analytical and sufficiently accurate expressions. They can be useful for fast yet relatively precise estimations and are well suitable for building Monte Carlo generators. Our final results are analytically free from any non-physical parameters. The accuracy was controlled by comparison with the numerical data obtained by semi-automatic approach using FeynArts and FormCalc. These base languages were already successfully employed in the similar projects (see [30] and [31] , for example), so we are highly confident in their reliability.
Since the problem of EWC for Møller scattering is rather involved, we believe that the tuned step-by-step comparison between different calculation approaches is essential. In the next work, we plan to present a detailed comparison between several calculation approaches with different renormalization schemes. We also plan to address the leading two-loop electroweak corrections which are very likely to be required by the promised experimental precision. To maximize the precision, the full set of one-loop EWC evaluated in this paper will also need to be re-calculated with the latest input parameters available at the time of the completion of the measurements, but this will be easy to do based on the results of the present work. Table 1 . The unpolarized Born cross section and the relative weak and total corrections to it at E lab =11 GeV at different γ 1 (γ 1 = 0.005, 0.01, 0.05) and θ. 
